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The two-body additive approximation on the time-dependent Liouville
distribution, first introduced in part I of this series, is put into the conven-
tional form of a self-contained kinetic equation for the doublet distribution.
From this point of view the approximation consists in truncating the
BBGKY chain by expressing the triplet distribution as a functional of
lower distributions at the same value of the time variable. To accomplish
this, it is necessary to study two associated purely spatial integral equations.
The doublet kinetic equation can then be written in terms of solutions of
these integral equations and comparison with conventional methods of trun-
cating the BBGKY chain can then be made. For the purpose of comparison a
method of truncating the chain based on the Kirkwood superposition approx-
imation is introduced and discussed briefly. The momentum structure of the
resulting doublet kinetic equation is similar, but the nonlocality in space of
our truncation introduces distinct differences in the spatial structure. The in-
consistency between conventional truncations and the exact initial conditions
used for the calculation of time-dependent correlation functionsis pointed out.
This inconsistency is not shared by the two-body additive approximation.
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1. INTRODUCTION

In a previous article,’” which we refer to as I, one of us presented an approach
to the solution of the classical Liouville equation in the linear response
domain. The approach was based on assuming an explicit functional form
for the N-particle Liouville distribution. Here the notation was

fo = (1 + Fy), fFNcb dr' = 0

where @ is the equilibrium distribution.
The one-body approximation consisted in putting

Fy = Z Wi, 4, 1) — <> = (NI — NI

where the function (p, q, t) is determined by the theory. Such a restriction
of the functional form of Fy is equivalent to a truncation of the hierarchy of
reduced distribution functions. In the one-body additive case (1) determines
the time-dependent singlet distribution for the same time. However, the
approximate doublet distribution and higher-order distributions depend only
on ¢(1). Hence the doublet distribution is a linear functional of the singlet,
i.e., we have a truncation. One can then use the first equation of the time-
dependent BBGKY hierarchy to obtain a self-contained kinetic equation
for the singlet distribution N(1). This procedure is very simple, but there is
one remaining subtle point. The resulting kinetic equation contains both
the bare interparticle potential and the equilibrium position correlation
functions. However, the theory is of a type that assumes the exact static
correlation functions to be known, and is concerned with computing time-
dependent correlations based on that knowledge. Therefore one can utilize
the exact equilibrium hierarchy to transform the kinetic equations to a form
in which the potential does not appear. The result is a simple, well-known
generalization of the Vlasov equations.® It retains meaning even for strong
short-range forces since the bare interparticle potential has been replaced by
the Ornstein—Zernike direct correlation function.

The main new result of our previous work was to show that this method
of attack can be generalized and leads at the next level of approximation to a
self-contained doublet kinetic equation. Again, the bare potential is completely
eliminated so that the equation retains meaning in the two extremes of
strong short-range forces and long-range Coulomb forces. The differences
between the two types of system are reflected in the properties of the static
position correlation functions.

The purpose of this paper is to put the equations of the two-body
additive approximation into a conventional form of a self-contained equation
for the time-dependent doublet distribution function. We will furthermore
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exhibit the relation of this unified theory to other equations, i.e., the Boltz-
mann-Enskog equation® for strong short-range forces and the Lenard-
Balescu—Guernsey'” equation for long-range Coulomb forces.

The two-body additive approximation works with a function
¥(p:, P2, 41, 42, ¢). The Liouville distribution is taken to be of the form?

Fy = }{N(2) - NADN¥(2) @

In this paper we simplify the presentation by not splitting off one-body
additive parts explicitly. The generality of the theory is not affected, because
the class of one-body additive functions is contained in the class of two-body
additive functions. (For a further elaboration of this point see Appendix A.)
The theory determines the form of W(I12,t) by the observation that the
function ¥(12) is directly connected to the time-dependent doublet distribution
by the definition of the doublet:

N(12) = KN(12)Fy) = H(NANGA) — (KNUDXNGII¥GH ()

We can consider this as an integral equation for ¥(12), with N(12) as an
inhomogeneous term. If we can solve the integral equation, we express ‘¥(12)
as a linear functional of N(12). This is referred to as the inversion problem.
In the case of the one-body additive approximation the corresponding integral
equation can be solved exactly by making a Fourier transformation in the
spatial variables and obtaining a degenerate integral equation in the momen-
tum variables. In the two-body additive approximation, however, one must
introduce resolvent kernels for two associated spatial integral equations.
If this is done, the momentum dependence can be handled exactly. The
inversion problem is treated in Sections 2 and 3 of this paper. The analysis is
somewhat tedious but must be done with care to handle the thermodynamic
limit properly.

Once the inversion problem has been put into a convenient form one
can immediately find the triplet distribution expressed as a functional of the
lower-order distributions, by substituting in the definition

N(123) = {{N(123)N@E3)> — (N(123)){N@3))}¥(35)/2 3)

The triplet distribution can then be written as a linear, spatially nonlocal
functional of lower-order distributions at the same value of the time variable.
This is exhibited explicitly in Appendix B.

Actually, as shown in I, the theory does not require an explicit knowledge
of the form of N(123). Thus we found the doublet equation

[N(12)/0t] + {L(12) + LRDKNI2)>F(12)
+ <N23)> M(12|3){¥(13) + ¥(23)} = 0 )

2 We use the notation of I. In particular, F(12) = j dxg dps F(pypaxixs).
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where

_b 0 1ologN(12) &
L(12) = m 9%, T3 ox, p,
B0 pe b, 1ologCRUD) 0
M(12]3) = m 0x, *tm %y 3 X, op,
12log(N(123)y &
+ 0 X, ps )

and 6 = 1/K;T. With the formal solution of the inversion problem in terms
of spatial resolvent kernels one can eliminate W(12) and obtain a self-
contained doublet kinetic equation. This is' Eq. (88) of Section 4.

Section 5 is devoted to a discussion of some of the more conventional
methods of truncating the hierarchy and a comparison with the present
truncation.

In summary, in this paper the equations of the second approximation
are put in the conventional form of a self-contained equation for the time-
dependent doublet distribution function. In the streaming part of the equa-
tion the bare two-body potential is replaced by — 67! log[ps(x,x,)], where
p2 Is the equilibrium pair distribution. The integral terms of the equation
represent additional effects of the medium. In the simplest conventional
approximation (neglect of the third-order cumulant) the integral terms have
a convolution character, i.e., the kernels depend on the difference of spatial
arguments. In previous work this fact has made possible a solution of the
doublet equation using the theory of singular integral equations, provided
the two-body potential in the streaming term is neglected (Lenard, Balescu,
Guernsey).”” The Boltzmann-Enskog approximation, on the other hand,
handles the doublet equation by treating the direct two-body interaction
term exactly, but entirely neglects the integral terms.

We show, using a conventional approach based on the superposition
approximation, that in any minimally adequate unified theory of fluids the
integral terms do not have a purely convolution character. (Actually, we are
able to find the convolution part of the integral terms exactly for our theory.)
In addition, the bare two-body interaction is modified by medium effects.
Our equations exhibit precisely these features, with the fortunate circumstance
that the momentum variable structure of the integral terms is tractable. The
present theory has the advantage of satisfying exact requirements such as
normalization conditions on the distribution functions, correct short-time
behavior, etc.

It should be stressed that the natural procedure in our approach is to
work directly with approximations to the Liouville distribution. The goal of
the theory is the calculation of time-dependent correlation functions in terms
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of equilibrium correlation functions. From this point of view the route through
kinetic equations is not the most direct. Nevertheless, there is value in finding
the explicit doublet kinetic equation implied by the two-body additive
approximation. It is the clearest way to exhibit the relationship among
various quantities of direct physical interest. For example, the hydrodynamic
limit is most easily studied in the kinetic equation approach. The truncation
of the triplet distribution in terms of lower-order distributions has a spatially
nonlocal character that is unnatural from the point of view of conventional
truncations. Yet this nonlocal character is needed to remedy deficiencies of
standard truncation such as errors at t = 0 and for short time. To a certain
extent this was already apparent in the one-body additive approximation of
Zwanzig. Conventional theories fail to obtain the simple result that the Vlasov
equation should be replaced by an equation involving the Ornstein~Zernike
direct correlation. Our theory is not unique in this respect. For example, the
theory of Lebowitz et al.® pays careful attention to the short-time behavior
and is an improvement over conventional theories.

In other papers in this series we develop the analytical tools such as varia-
tional methods and projection operator techniques required to find reliable
results for time-dependent correlation functions.®"® These methods are needed
irrespective of whether one works directly with the two-body additive function
or with a doublet kinetic equation.

2, STRUCTURE OF THE INVERSION PROBLEM

We start by defining
x(12) = KNQ2DIY(12) + F¥(21)] (6)

and writing the time-dependent doublet distribution in the form

N12) = x(12) + <N(123)>( <1’§,((113§))> N <1Xv((223§))>)
1 33 X(gz)

Here
(N(12)) = didapa(X:Xy), é1 = $(p1)
(N(123)) = ¢1dabspa(X:1XoXs5) ®)
(N4p(1234)) = $r1dodadai{pa(X1XaX5Xs) — pa(X;Xo)pa(XaX,e)}

The p’s are equilibrium position correlation functions.
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We now introduce, using a one-dimensional notation
X°(x1Xg) = f dp: dp; x(P1P2|X1x2)
xz®(P1]X1X5) = f dpz x(P1P2|X1Xa) — x(X;1X2)b;

x2(P2]X1Xg) = fdp1 X(P1P2|X1X2) — x°(x1X2)¢s
XA(P1P2|X1X2) = X(P1P2|X1X2) — daxa®(P1[X1X2)
- XLB(P2IX1x2)¢1 — $16ax“(X1Xs) 9
We then have

X(P1P2[X1X2) = x(P1Pa]XaX2) + Poxa®(P1]X1X2)
+ ¢1XLB(P2|X1X2) + $1bax’(X1X5) (10)

We can define N4, N5, and N€ in a similar manner such that

N(pipa|x1x2) = N4p.ps|xiX5) + $aNzB(p:[x:X5)
+ ¢1NLB(P2,X1X2) + ¢1¢2NC(X1X2) (11)

The reason we have decomposed our distribution in this manner is
that these four types of functions define four invariant subspaces of the
linear operator relating N to y. The structure of the operator within each
subspace is different for different subspaces, but it involves only spatial
variables.

We note the following normalization properties (which apply to both
¥(12) and N(12)):

J XA(P1P2]X1X2) dp, = f XA(P1P2IX1X2) dp, = 0
JlXRB(PJXle) dp, = fXLB(leX1X2) dp, = 0 (12)

fX(Pﬂ)z)Xle) dp, = x2"(p1]x1X2) + d1x(x1X0)

And we observe that a commonly encountered quantity, involving functions
from two of the subspaces, is

pr(P1]X,X2) = f N(Plpzlxlxz) dp, = NRB(PI}X1X2) + ¢’1NC(X1X2) (13)

There are also symmetry properties that follow from the general symmetry
of both x and N:

X(Plpzlxlxz) = X(P2P1|X2X1), x°(x:1X2) = x%(X2X,)

(14)
x2° (P X1X2) = x22(D1]X2X1), x*(P:Pa[X1X2) = x*(PaP1[X2X1)
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The inversion problem can now be put in the form

NA(P1P2IX1X2) = x*(p1P2[X1Xz)
NRB(P1|X1X2) = XRB(pllxlxz) + J‘ [PB(XIX2x3)/P2(x1x3)]XRB(pllexa) dx;

N~LB(P2|X1X2) = x.(Pa[x1x2) + J [pa(X1XoX3)/ po(X2Xa) X P (P2 XoX5) dxy

) o c (15)
NO(x:x5) = x°(x:X2) + f pa(X1XzX3) ():ngiizg + ig:ﬁ:g) axs

g dx, dx,

The inversion problem thus amounts to finding the spatial resolvent
kernels defined by

XC(X3X4
4

1
+3 {Pa(X1XoXsXs) — po(X1X3)pa(XaXe)} pa(XaX

XRB(P1|X1X2) = f Ka(xlxzxa)ﬁRB(Pli&xs) dx;
(16)
XO(X1Xp) = f K4(x1x2x3x4)]\70(x3x4) dx; dx,

The momentum variable p; enters only as a parameter in the first expression.

The solution for x,®(ps|x,x,) follows from the one for xz? by the symmetry
relation.

The complete formal solution to the inversion problem can be written as
x(12) = N4(12) + quf K3(X1XoX5) NaB(X1X5|py) dXs
+ ¢1f Ks(xlexs)ﬁ,‘é(xzxgpz) dx,
+ <;S1¢>2f f K(X1x:%:X ) N(x5%,) dx; dx, amn
It has the property
fx(13) dp; = fKa(x1x3x4)]VRB(xlx4|p1) dx,
+ b f K% %eXgX5) NO(xX5) d, dx (18)

It is worthwhile making the connection between the present formulation
of the two-body additive approximation and the one-body approximation.
This is most easily done in the language of ‘‘gauge transformations,” dis-
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cussed in Appendix A. There it is shown that we can break up any ¥(12)
into two pieces:

Y(12) = ¥'(12) + {[$(D) + QNN — D} (19)
in such a way that ¥’(12) has the property
HNMNEI)) — NN (R3) = 0 20)

Equation (2) then becomes
NQA2UN — 1) = J(1) = {{NON)> — NN Q) @1
7(12) = N(12) — Ny(12)
= H{N(IDNGBA)) — (N(2PANGHY'GEH  (22)
where
No(12) = {KN(I2)NQ)> — KN(1)XXN23)>1(3) (23)
We first note that (21) is the definition for the (1) which appears in the
one-body theory. By Fourier transforming it is easy to invert this exactly, ob-
taining ¢(1) as a functional of f(1). In (22), therefore, Ny(12) is also a known
functional of the singlet; it is the value of N(12) predicted by the one-body
theory. Hence #(12) and ¥'(12) represent deviations of Fy from one-body
additivity. Furthermore, the kernel of the integral equation (22) is the same
as that of (6), so the same solving kernels K; and K, can be used to obtain
the full two-body additive theory. On the other hand, this separation, along
with the formulation in terms of sectors of the momentum variable, is useful
if one seeks theories intermediate between the one-body and two-body additive
theories.

3. SOLUTION OF INVERSION PROBLEM

3.1. Inversion Problem for B Sector
We write
NeP(p1[x1X9) = NpB(py|x1[x; + %), X = Xy — Xq (24)
and we make use of the translational invariance of the equilibrium system to
introduce the notation
Ro(xz — Xy) = pa(XaX1), Rs(x; — X1]X3 — X3) = pa(X1XoXs) (25)

Ry(x, — X1IX3 - x1[x4 — X3) = pa(X1XaX3Xy)

Then the integral equation for yz” is

N2y [x %1 + X) = 2% [x0]X; + %) + fRT?(Z%,I)L) X221 X1 |xy + ¥) dy

(26)
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In this case we can check that the solution may be written as

xP@le + 9 = [ KEDNA@x +Ddy @)
This involves a single kernel K;(x|y) obeying
3x — 2) = Ko(xl2) + [ [R(xIy) RaWIKs(yl2) dy 28)
We have a simple equation for the quantity
Ag(x) = f Ky(x|2) dz (29)
Ttis
1= 8500 + [ [RI/Ra0IA() (30)

In addition, the normalization condition on Rs(x|y) yields
=@~ 1) f Ko(x|2) dx 31)

To analyze the spatial structure of the kernel Kjz(x|y), we introduce
Fourier transforms by

KIKSID = (1/) [ (exp ik-0Ks(xly)(exp —11-y) dy dx
Ka(xly) = (1/Q) 2, 2, (exp —ik-x)(exp il-y)k| Ko|I> (32)
AkiD = (1/9) f (exp ik -x)[Rq(x|y)/Ro(y)(exp —il-y) dy dx
We then obtain
O] K|l = [H(N ~ 1)]8y,0 (33
For k # 0 we have the equations
Q8ip = <KIKID + > AKIK)E' KD (34)
<
In analyzing these equations, it is important to note some general
properties of the matrix elements A(k|l). We have A(0|0) = N — 2, A(0[) = 0.
The elements A(k|k) and A(k|0) are of order unity, while all the other A(k{l)

are of order Q1. It is then convenient to distinguish three sectors.
Sector 1

k| K5{0X{1 + Ak[K)} = — [AK|O)/(V — D] - kzk Ak[K)K'|K;(0>  (35)

This shows that (k|K;|0> is of order 1/(N — 1).
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Sector 2
WK = 3 ~ TTAED 2, AEOKIKE (6
Sector 3
_ AQID AGK)
KK = (SR 7 80D ~ (2, T+ s & 1Kalb 67

It follows that <k|K;|I> are of order Q1. From Eq. (2) we see that in the
infinite-volume limit

k| Ks k) —{1 + Ak[k)}~* (38)

which is of order unity. We thus have the spatial structure of K5(x|y)
Ky(x]y) = [1/(N — DQ] + (1/Q) D <k|K5|0)(exp —ik-X)
k*0

+ (1/Q) > <k|Kqlkd[exp ik-(y — %)

k#0

+ (1/9)2 2, <k|K;|1y exp i(l-y — k-x) (39)

1
k#0

A0 = | Kalxly) dy = [V = D] + 3 (KIKoJ0) exp —ik-y
k#0 (40)

To have a feeling for the values of the matrix elements, we note that the
Kirkwood superposition approximation for the equilibrium distribution
functions, namely Rs(x|z) = py®Ra(X)Ra(Z)Ro(x — 2), gives, for k # 0,
1#0,and k #1

Ak|0) = Ak[k) = [1 — (1/N)]Rz(k)/po QY
Ak[) = (1/Qpo®)Ro(DRz(k — D) 42)

3.2. Inversion Problem for Sector C

In this case it is desirable to go to center-of-mass and relative coordinates,
with (x, — x;) = x and 3(x; + Xx3) = X; + ix:

X(XaXz) = 2 xaCX)exp —ik-(x; + $%))/Q
A 43)
No(x,x5) = > [Na9(x)/Q] exp —ik+(x; + 4)
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It suffices to consider each value of A separately. From (I15) we have the
integral equation

(exp —3AXINE(x) = {8(x — Z) + ((l) + (exp —iA- *X) Ral(e‘z“(;)!i)
+ 5 (exp—inep)| BB — o)
x {xf(i) exp —%57*'2} “d

3.2.1. Spatially Homogeneous Case. It is convenient to first analyze the
spatially homogeneous case, when A = 0. We introduce the matrix element

Ry(z)

When we take the Fourier components, we find for k = 0 that f No(x)
dx = 0. In addition, as shown in Appendix A we are free to set fXOC(x) dx =0

Wiklk') = %J(exp ik-x)(exp — ik’-z){ M — Rz(x)} dx dy dz (45)

Hence we are only concerned with nonzero wave vectors. We write
No“(R)/ Do) = %o°(K) + 2 <k|Polk")x%o"(K") (46)
KZk
where
Do(k) = 1 + 2AKk|Kk) + 2Wo(k]Kk)
CKk|Po [k = RAKIK) + 3Wo(k[k))/ D(K) @)

Here we have used the symmetry ¥,°(k) = %,°(—Kk).

Analysis of the matrix elements Wy(k|k’) by decomposition into Mayer
clusters shows that when k’ s k the matrix element is of order unity. Other-
wise it is of order Q1. If we now introduce a resolvent kernel

7o°k) = > kKol D>N,°() (48)

we find that in the thermodynamic limit the diagonal element is
<le40lk> — DO— l(k) (49)

The matrix element <(k|K,| —k)> is zero. The other off-diagonal elements
obey the equation

kKt kKo + D Ck|Po[K KK | Kyoll) = 0 (50)

K # £k
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To estimate the matrix elements occurring, we make use of the generalized
superposition principle

Pa(X1X2X3Xs) = pg ®pa(X1Xa)pa(X1X5)p2(X1X4)po(XoXs) poXaXa)pa(XsXy)  (51)

We find
WolklK) = (53 °/9) [ dx F(OF (Rsx)expik-x)dx  (52)
with
Fu®) = [ (exp K DR(E + NR.(E) d (53)

The F,(X) have the properties
Fi®) = F_i(—X) = (exp ik-X)F_4(x) (54)

It is easy to verify the assertions concerning the order of magnitude of the
Wy(k|k'). A rigorous demonstration can be made using a cluster development
of the four-body correlation function.

3.2.2. Spatially Inhomogeneous Case. The most difficult part of the
inversion problem is the spatially inhomogeneous case for sector C. We
have already written x°(x;x,) in the form of Eq. (44). We will be concerned
with the Fourier transform

k) = f (exp ik-x)(exp —4ih-X)NAO(x) dx

%) = [ (exp ik-x)exp — A0 0x) dx )
Another useful form is the double Fourier transform representation
Ko(x1%z) = (1/97) kEk %°(k; |Kz) exp i(ky -X; + koo Xs) (56)
i
The connection between the two descriptions is given by
X° — k[k) = p(k) (57

The singlet contributions to N°(k;k;) come from k; = 0 or k, = 0. Thus in
M,C(k) these contributions are contained in the components k = A and
k = 0. The permutation symmetry ¥°(k;|k,;) = ¥°(k.|k,) has its counterpart
in the relation

k) = @ — k) (58)
and in particular ya(0) = ¥a(A).
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The Fourier transformation of the inversion equation is
Moo(k) = (k) + 2 {AK[K) + AQ — k[K) + $W&[K)IpoK)  (59)

where

Wik|k") = zl—zj(exp ik-x)(exp —iA-y)exp —ik’-z) &I%Z)lz)dx dy d%60)

We have made use of the gauge freedom to set f x(x,y) dx dy = 0 (see
Appendix A). Our object now is to find a solution in the form

Bok) = > <k|Kall)MaoQ) (61)
and thus to find the solution of the inversion problem as

v = [ Kol dx (
62)

Ka(x]y) = (1/Q) > (exp il-y)(exp —ik-x)(exp 3i(x — y)+- A<k Kan|D>

The complete inversion is then given by (43).
Let us first isolate the singlet contribution by taking k = 0. We use the
results

WAOK) = (V — HAQK),  AQOK) = (N — 280 (63)
Then

MyO)/(N = 1) = [1 + AQ|0)]%0) + %kz, ARK)ROK)  (64)
K#A

Next we write the equation for k # 0 (and k £ ). We isolate the terms in-
volving x2%(0) and 3°(A) and eliminate them with the help of the preceding
equation. To simplify writing, introduce

A — k|0) + AK|0) + 3[Wa(k|0) + Wak|A)]

Eal) = T+ A0) + AGIM] (65)
k) = AKK) + AR — kA — K)
+ H[Wak|k) + Wak|A — k)] (66)

PAk[K) = [1 + Ha()]~* [AKIK) + AQ — k|K)
+ 3Wak|k) — $EA(k) AQ[K)] (67)
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Then for k # 0 or A,
0K + > )Pk

¥i
_ MK — [BE&)/(N — D]M0)
1 + HxK)

(68)

The Pa(k|k’) are of order 1/Q, and the sum is over only one index. The
situation is now the same as for our previous considerations. In the thermo-
dynamic limit we have for k # 0

<k|Kalky = 1/[1 + Hy(k)] (69)

The off-diagonal matric elements <k|K,»|0> and <k|Ku|l) for I # 0 require
the solution of the nontrivial integral equation (68). This is a nontrivial
integral equation but it is now in a form amenable to a variety of iterative
solutions. However, we will not at this time investigate further the details
of such solutions.

When these matrix elements have been obtained we can revert to the
singlet equation (64) and write

0@ = {1 + 2010 £ A0}

M,C 0 1 17 ’ NS ’
x {M* O 1SS wikal> anK) i )} (70)
N 2 & &
K #A
from which we obtain <0| K |k'> directly.

4. THE DOUBLET KINETIC EQUATION

We now proceed to use the analysis of the inversion problem together
with Eq. (4) to derive a self-contained kinetic equation for the time-dependent
doublet distribution. We begin by defining

S(12) = L(12) + L(21) (71)
M'(12]3) = M(12]3) — S(12) (72)

where M’(12|3) does not contain free streaming operators. Writing Eq. (4)
in terms of these new operators and using equations (6) and (7) one obtains

{(/ot) + SU2}IN(12) + py + pa =0 (73)
where the medium terms are
M2 3CNADHIADHLKNAINT + kQILNRIDT (74
—3S(12)(N1x(1238))xGAH/KNGDH) (75)

i

M

1l

Mo
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The doublet kinetic equation has the feature that the two-body streaming
operator S(12) depends on — 6~* log R,(x) rather than on the bare two-body
potential found in the BBGKY chain.

4.1. Spatially Homogeneous Disturbances

For the spatially homogeneous nonequilibrium problem we have
x(12) = x(p:p2|X2 — x;) and N(12) = N(p;ps|x, — %,) in addition to the
translational invariance of the equilibrium distribution functions indicated
in Eq. (25).

The term p, has a contribution only from the C sector. Using the
properties y°(—x) = x“(x) and ¥°(X) = 0, we find

o = —1b185[(p2 — P1)/m] Dy Ro(X]F W)X (W)/ Ro(W) (76)

On the other hand, p, has contributions from the B and C sectors, and we
write p; = u,® + u;° We first introduce the vector operator

D, = 0 3dlog Ry(x)

ox ox (77)
__1 9 < IRs(x[9) | x(p.Psl¥)
=~ | DeRutals) + SRR e,

+00)+ J o REEED 10y

-And we note that in the homogeneous case (13) becomes

[ x@pely) dps = 4:°0) + x"®:1Y) 19)
so that
c _ P: — P aRs(xi"-V) x°(W)
1 = —bids P d w R2(\'v) (80)
We now use the inversion for ¢ in Eq. (16):
po + e = [(py — pa)/ml-b1$F(X|D)NC(Z) 3D

where
F(x|z) = {3DxRy(x[§|W) + [ORs(X|W)/OW]}Kso(W|2)/ Ry(W) (82)
To find p® we use the inversion with (78) and (79)

w® = —(1/0)$:(2/0p)- G2 N:"(0:]2) + (1 - 2)
+ (1/0)(02/op)HX|DNZ7(p:]2) + (1> 2) (83)
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where
H(x|z) = Dy{8(x — z) — Kys(x[2)} = Dy{[Ro(x|9)/Ro(D]K:(F[2)} (84)
by Eq. (27), and
G(x|z) = H(x|z) + [0Rs(x|7)/0y][Ka(¥|2)/ Ro(¥)] (85)

To isolate the singlet terms, we express the pair distribution in terms of its
cumulant and singlet parts

N2@.]y) = P2(p.ly) + pof(py) (86)

There is no singlet from the C sector in the homogeneous case. We then
define

H,(x) = H(x[Z) = [-&log Ry(x)/0x] — DxAg(x),  G(x) = G(x[z) (87)

to obtain the final form of the doublet equation for a homogeneous system:

2+ san |Fu2) + {5 2 merm - & 46,00 L2
+ 3 2D — § Gl LRI

oy P p2 $16.F(x|D)NGE) = 0 (88)

The terms indicated by {l «»2} are obtained by exchanging x+«> —x,
p;: <> p. in the entire preceding bracketed expression.

The momentum structure of this equation is quite simple. It is the non-
local spatial structure of the medium terms which complicates the equation.
Note that the kinetic equation requires equilibrium correlation functions
instead of interparticle potentials as in the usual theories.

4.2. Spatially Inhomogeneous Doublet Equation

The term p,® is very similar to that for the homogeneous case. The
quantity x®(p,|x;/x; + z) replaces x*(p,|z). Thus

W = - %{(ﬁzG(XIZ)-a—i - %-H(x]z)}ﬁf(pllxllxl +2)+ (102 (89
Using (61),

e = gy 3 e~ 2By - SR BGD} 00
x B + (1>2)
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where

Ly = {Derux) + LB exp g K2 oy

Bxly) = Derx®) E2CY (exp —yin) ©2)
We also have

— Mgp . 0 dlog pa(X1X2) | Ra(Xz — X1[%5 — X4[Z)
B = Box %, R,(@)

x -25; K4;\(Z|y)[exp —il-(is + ;)]Nx(i) + (12 (93)

Each of these terms has a singlet contribution which can be identified
by the decomposition

NRB(P1|X1X2) = FRB(P1'X1X2) + PofB(P11X1) %4)
M) = 2pof(A2) + PrE(y)
where

7o02) = [ Texp (A-x/D) pi[x) dps dx ©3)

Then the analog of (88) for the general inhomogeneous problem can now
be written explicitly, but we shall not do so.

We now comment on the singlet equation. From our derivation of the
two-body additive approximation the first equation of the BBGKY hierarchy
holds exactly. Thus we have

oV(x, — Xy) @

3f(1) f(l) = 7— pr(P1]X:X2) (96)

ot mox, 0%, p,

This involves the bare potential. On the other hand, integration of (73) over
X, and p, yields

o) | p (1) | Ay(xiXp) @ 3
ot + m ox T o op, pr(P1|X:%) = 0 7
where
dlo X, X _
Al(xlx2) = *gap';f"i's—) Ks(X3 — X3, Xg — Xl) (98)
The connection is given by the equilibrium equation
1 Ops(xix IV (x,x _ L OV(x,X
[ —’%“—12_) = pa(X:X3) —(};*"‘—2) pa(X1X2Xs) —éxlr—B—) (99)
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together with the integral equation for K;. One easily finds
Ay(xyx5) = — 0 OV (X:x0)/0x; (100)

an exact property of the inversion kernel Kj.

5. CONVENTIONAL TRUNCATION THEORIES

We will now compare our equations with those of other theories which
aim to deal with the Coulomb force problem and with particles interacting
via strong short-range forces. The theories in question are at the level of the
two-particle distribution function. For the general nonlinear case the second
equation of the time-dependent hierarchy is

8 _fev(3) @ | ev(3) o
{a_t + SO(IZ)}N(IZ) - {‘"ax—l“'a—pl + o apz}N(m)

01
7 IV(x:Xp) 0 (109

Sol12) = 6x Tox,  op,

+ (12)
This equation is converted into a self-determined equation when a functional
form (holding at all times) for the dependence of N(123) on the lower-order
distributions is assumed.

It is useful to introduce cumulant distributions at this point. The standard
definitions in the N — oo limit are

N1 =f1), N(12) = P(12) + f(DfQ2) (102)
N(123) = T(123) + P(12)/(3) + P23)f(1) + PB1)f(2) + f()fDf(3)
The simplest example of a useful truncation is the one on which much of

plasma physics is based. That is, 7(123) = 0. This implies a nonlinear
truncation,

N(123) = N(12)f(3) + N23)f(1) + NGDS() - 2/(DffB3)

This is clearly a normalization-preserving truncation. We will refer to this
as the time-dependent cumulant approximation. The equation for the
development of N(12) is, with this approximation, nonlinear but closed. To
make comparison with our equations more direct, we can write the distri-
butions as a sum of an equilibrium part and a deviation from equilibrium,

e.g.,
N(12) = ¢(p)d(p2)p(12) + N(12); N(12) = N(x,pi,ps) (103)

The equilibrium pair distribution is determined by the equation

g-1 apazix) 4 3 P2¥) = —po 5o f V(|x — y]Dpo(y) dy (104)
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To first order in the deviations from equilibrium we have

2 _
[“a? + So(lz)]N(I2)

o papalixs) o p(x,)
of y - 1 a 143 =
— $g dé‘l()i).aV(y +8;2 x) pa¥) + p Zﬁl V(g); %) Pr(P2|X2X3)
+ oot o () o+ (1> 2) (105)

Where we have defined p(x;) = f]\7(3) dps, and pp(p;|x,X5) is defined by
(13). One of the most obvious differences between this equation and (72)
is that the streaming term S,(12) in (105) involves the bare interparticle
potential V(12), whereas the theory of this paper involves a two-body en-
counter with an effective potential —f7! log py(x), where py(x) is the exact
pair correlation function. We find the equation for the doublet cumulant

|5+ 502 [P2) = Bgutpatuin + o LER i,
o 8V§):x2) Oby » f( %) — af(gllxll)(l)
o | PO =2 ) -, 2n)
+ po %‘f’% ﬂ%’ix—@ BRI + (12) (106)

Equation (106) cannot be solved for arbitrary initial conditions. For
this one would at least need a detailed knowledge of the Green’s function
for the operator {(&/ét) + Sy(12)}; that is, for the interacting two-particle
system. For this reason additional approximations are made in the standard
theories. In the case of long-range Coulomb forces the term [8V(12)/8x,] x
(@/ep)P(12) + (1> 2) is generally neglected since it is assumed to be of
higher order in the expansion parameter ¢26 than the other terms. This is
true except at small interparticle distances. Then one only needs the non-
interacting two-particle Green’s function. The solution of the resulting
equation for a system at equilibrium is the Debye-Hiickel pair distribution.
For the time-dependent case a Fourier-Laplace transform yields a singular
integral equation in the momentum variables which is solvable by Hilbert
transform techniques.®
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The crucial point is that the right-hand side of Eq. (106) takes on a
convolution form in the spatial variables when one makes the cumulant
approximation. Thus after a spatial Fourier transform the distinct wave
vectors are uncoupled. Additional assumptions for the time scales for the
relaxation of P(12) and f(1) (adiabatic switching assumptions) yield a closed
singlet equation known as the Lenard-Balescu equation. This is a step that
does not concern us directly in this paper. We are interested in the structure
of the doublet equation. The neglect of the direct two-body force in the
streaming term leads to divergences at small distances of the order of €26.
The Debye-Hiickel distribution is also negative in this region.

For the case of the low-density gas of particles interacting via short-range
forces one asserts that the right-hand side of (106) is of higher order in density
than the rest of the equation, and can be neglected in the first approximation.
Then one does not need the full interacting two-particle Green’s function,
but only its asymptotic behavior, which can be expressed in terms of the
scattering cross section. For a system in equilibrium we obtain the static
pair distribution:

lr) = = peP(l = ") (107)

The nonequilibrium case is treated by neglecting all integral (medium)
terms in the integral equation obeyed by the time-dependent cumulant. The
The singlet terms in this equation are treated as inhomogeneous terms. When
the solution of the cumulant equation is inserted in the singlet equation, one
obtains a non-Markovian singlet kinetic equation. Under suitable circum-
stances this is equivalent to the Boltzmann-Enskog equation.® However,
it would be a mistake to try to improve the theory by solving the equation
for the doublet including the integral terms. The cumulant approximation is
deficient and does not treat properly the strong short-range forces between
a member of a given pair and a particle from the medium. Thus we would
expect divergences to appear in higher orders in the density.

We have shown that both these kinetic equations can be said to arise
from further approximations which result from the same cumulant truncation
of the hierarchy. We now consider another method of truncation of the non-
equilibrium hierarchy.

In the study of the equilibrium properties of dense gases and liquids
use has often been made of the Kirkwood superposition approximation
(KSA)®

(N(123)y = NAXXNINGKNDX}N2HNG)>  (108)

This is motivated by the fact that for strong short-range forces the triplet
distribution must vanish when any two particles are close to each other.
The KSA is a minimal means of taking this into account. It is clear, for
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example, that the equilibrium cumulant c¢3(123) cannot vanish, and it is
only in a low-density treatment that the error of neglecting it causes no
trouble. Since the KSA has correct asymptotic behavior at both large and
small distances and agrees with the time-dependent cumulant approximation
to lowest meaningful order, it is a good candidate for a unified theory of
fluids. We now sketch such a theory based on the time-dependent KSA not
so much because we are interested in it per se, but rather to demonstrate
that the structure and degree of complexity of the resulting doublet kinetic
equation show marked similarities to those of the doublet equation derived
in Section 4. Approximations similar® to the KSA presented here have been
considered by other authors.*®!% In particular, Stillinger and Suplinskas
use a Kirkwood truncation as part of a program for practical calculations
of the self-diffusion coefficient.

We assume the truncation

N(123) ~ N(12)NQ3)NG)/NQNQ)NG) (109)

and again put N(12) = po(x;X,)(p;)¢(p2) + N(12), and develop to the first
power of time-dependent quantities. For the time-independent part we obtain
the Kirkwood integral equation

aV(X) Ry(x) 0V (F)

+ R
2X) po® Oy

6 -1 RQ(X)

Ry} — x)Ro((y) =0 (110)

which relates Ry(x) to the interparticle potential. This equation has sensible
solutions both for systems with Coulomb forces and for systems with strong
short-range forces at low and moderate densities. For the time-dependent
part the truncation is

N(123) = {N(l2)P2(X1XZ)P2(XZXB)¢SPO_ 8

— N(1¢atapg *pa(X:Xg)pa(XaXs)pa(X:Xa)}
+ {cyclic permutations} (111

We now insert this into the second equation of the hierarchy and for the
purpose of comparison with the results of Section 4 we consider the homo-
geneous problem. (Generalization to the inhomogeneous case is also possible
but it does not yield much additional insight.) To facilitate this comparison,

3 The only difference between our KSA and that of Stillinger and Suplinskas @3 and of
Mortimer % is that in the latter one ostensibly has the freedom to use the exact, or
at least more exact, values of the equilibrium correlation functions, rather than the
ones predicted by the KSA on the equilibrium BBGKY hierarchy. However, we
strongly suspect this freedom is illusory, because the KSA is not consistently applied
to the ‘“‘steady-state™ (i.e., equilibrium) solution as well as to that equation for the
deviations from equilibrium, so that secular divergences may appear.
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we cast the resulting equation in the form of (88):

o p—p 2 JoV® o _ 9\
e [ o poJ(x)].[é— ~ 5—]}N(p1P2IX)

034’2 K K 8f (Pl)
+ {5 Senxcose) - % 46000 L2

+ 2P0 — G ﬁ?—;ﬂ-")} +o

+ BBy F(x|2)N @) = 0 (112)

where we have introduced

J(x) = — [0V (y)/oy]RA¥ — X)Rx(¥)ps* (113)
HX(x|z) = — 0R,(X)Ro(x + 2)[OV(x + 2)/0z]pg* (114)
GE(x|z) = — ORA(X)Ro(x — Z)[0V(2)/02Z]p5 * (115)
F5(x|z) =G*(x|z) + H(x|z) (116)

H(x) = G/ (x) = (0/po) Ro(X)co(Y)eo§ — x) 0V ()ioy  (117)

We first note that since we assume the superposition approximation on
the equilibrium functions, (110) implies

[oV(x)/ox] — pod(x) = —(1/6) & log Ra(x)/0x (118)

Thus, in contrast to the time-dependent cumulant approximation, there is
an effective two-body collision term, distinct from the bare potential, and
in fact it is the same effective potential as that which appears in the theory
of this paper. However, the R,(x) that appears in the KSA theory is presumed
to satisfy (110), whereas the two-body additive approximation imposes no
such restriction.

The time-dependent cumulant approximation is obtained from the KSA
by substituting c,(y) = pg 2Ra(y) — 1 = 0 in Egs. (113)~(117). The fact that
the resulting H°(x|z) is the function only of (x + z) and that G°(x|z) is a
function only of z is the property which gives the spatial convolution character
to the RHS of (106). This property is lost in both the KSA and the two-body
additive approximation. Hence, even if we assumed knowledge of the two-
body interacting Green’s function, we would still have a nontrivial integral
equation in the spatial variables.

The similarity between the KSA and the two-body additive approxima-
tion is more than structural. It is shown in Appendix B that, at least for
weakly interacting systems, part of the two-body additive truncation (i.e.,
those terms that do not involve K,) agrees approximately with the KSA
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result. That is to say we can expect the quantities G(x|z) and H(x|z) to be
well approximated by the Kirkwood expressions (114) and (114) under these
circumstances. However, it is one of the characteristic differences of the two-
body additive approximation from conventional theories that the C momen-
tum sector is treated distinctly from the B sector. The consequence is that an
equation like (116) does not hold for our theory even for weakly interacting
systems.

Another clear difference of the two-body additive theory from other
truncation schemes is that it implies a nonlocal truncation. One of the ways
that this nonlocality is important is that it makes the truncation exact at
t = 0 for an important class of initial value problems. The main emphasis
of treatments of the time-dependent hierarchy has been the derivation of
singlet kinetic equations. However, they can be used to calculate time-depen-
dent correlation functions such as the density autocorrelation function,
which is closely related to the inelastic scattering function S(k, w). In that
case the microscopic initial condition is

Fy(t = 0) = D> exp —ik-q, (119)
The initial conditions for the reduced distribution functions are then
N(p:xi[t = 0) = {po + pa(k)}(exp —ik-x,)p(p,) (120a)

N(P1P2xlx2]t = 0) = d(pd(P2){ps(x:X:%;)(exp —ik-X,)
+ paoAx Xo)[exp —ik-x;) + exp —ik-x,]}  (120b)

N(Plpzpsxlxzxsff = 0) = ¢(p)(P2)P(Pa){pa(X1 XXX )exp —ik-X,)
+ pa(X1X2X3)
x [(exp —ik+x;) + (exp —ik:xy) + exp —ik-x3]}
(120¢)

If one wishes to calculate the density autocorrelation function, one
must solve the doublet kinetic equation with the initial condition (120b),
incorporating the exact values of p, and p;. However, both the time-dependent
cumulant approximation and the KSA violate the initial condition for Fy.
The connection assumed between the triplet and doublet distributions is not
the same as that between (120c) and (120b). This failure at f = 0 is an
unavoidable property of any spatially local truncation, including those of
Stillinger and Suplinskas and of Mortimer. How serious this violation is
depends on the particular situation, i.e., on whether further approximations
to the equilibrium correlation functions are adequate. On the contrary, in
the type of theory that we have presented, the initial condition on Fy is
exactly satisfied. Hence the relation between all reduced distribution functions
isexactatt = 0. One consequence of this is that the fourth frequency moment
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of S(k, w) predicted by the two-body additive theory is exact, as shown in I.
The same analysis applied to cumulant and superposition approximations
shows that they give an incorrect fourth moment.

APPENDIX A: GAUGE TRANSFORMATIONS

In this appendix we discuss the manner in which an explicit one-body
function ¥(1) can be isolated. In I, the two-body additive approximation was
defined by

Fy = {N(T) — (N + HN(2) — (N(12pY¥(12)
which should be compared with (2). From this we obtain
f(l) = Mll(lz)‘ﬁ(j) + M12(1§§)‘F(§§)

N(12) = M, (123%(3) + M,,(1234)¥(34) (A1)
where
M,5(1234) = J{KN(I2)N(34)) — (N(12)){(N(34)>}
M5,(123) = (N(12)N(3)) — {N(1))<{N(23)) (A.2)

M15(123) = H{N(DNQ23)) — KN(1D)XNQ23)),
M1:(12) = <N(DNQR)) — (N(D)XKN2)»

It is clear that there is some redundancy in the description of F, by
(1) and W(12). Indeed, we can make a ‘“* gauge transformation” to a different
4'(1) and ¥'(12) without affecting the value of F,. The most general such
transformation is

Y1) = ¥'(12) + A+ AQ) + C

P(1) = '()) — [AD/N — D1+ D

where A(1) = A(x,, p,) is any one-body function, and C and D are constants.

It is not possible to invert Eq. (A.1) uniquely without specifying a gauge—

that is, a relation between (1) and W(12). The gauge chosen for the bulk of

this paper is (1) = 0. Since there are two constants in (A.3), we can, in

addition, use one of them to impose the condition x(12) = 0. In the notation
of Section 3 this is

(A.3)

f x%(X,X,) d%, dx; = 0 (A4

However, another gauge is more suitable for explicit comparison to the
one-body theory. This gauge is specified by the property

M;,(123)¥'23) = 0 (A.5)

That an A(1) can be found ensuring this property is easily shown. We

define
J() = M,,(123)¥(23)



Approximate Solutions of the Liouville Equation 135

Then the requirement is simply
JMIN = 1) = M1, (13)A(3) (A.6)

This equation is structurally identical to (31) and the solution, again, is
given by the one-body inversion exhibited in paper 1. A solution always
exists, so we can always find a (¥, ¢') satisfying property (A.5).

APPENDIX B: THE STRUCTURE OF THE TRIPLET

In this appendix we exhibit the truncation for N(123) implicit in the
two-body approximation by means of the solving kernels K, and K, and we
compare the KSA truncation.

The definition (1) gives for the triplet

R(123) = LNI23)NES)S ~ (N(123)5¢N@5)>1¥(35) (B.1)

which can be written in terms of reduced equilibrium distribution functions
in the form

o Y12 (13 x23)
M123) = N “23)>{<N(12)> * vy <N(23)>}‘

+ <N(1233)>{ X1 10D x(sa)}

wvamy T ey T ey
1 ((N(12333)> _
M <N<123>>}x(45) (8.2

We now divide N(123) into its projections onto different momentum sectors
in the manner of Section 2. We define

Foo(xxx) = [ dy dp dpy §(123)
Nloo(l’llxlxzxs) = fdpz dps ]\7(123) - ¢1]\7000(X1X2X3)
RO (pulxxexs) = [ dps dps N(123) = $al*(xx:%0)

Nllo(Plelxlxzxs) = fdpa N(123) - ¢21\7100(P1IX1X2X3)

- ¢1N010(P21X1X2X3) + b1paNO0(x;XoX;)
Nﬁlll(PlP.zPlelXQXa) = N(123) — ¢3N110(P1P21xlxzxs)
- 952]7101(P1P3]X1X2X3) - ¢3N~011(P2P3]X1X2X3)
+ $1a N O0(py|x;Xo%;) + ¢2¢1N001(P31X1XQX3)
— G1paba N O°%(x1x,%5) + bachs N 190(p, | X, X;X5)
(B.3)
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We use the formal solution of the inversion problem introduced in (16),

x*(12) = NA(IZ), XRB(pllxlxz) = KS(X1X2i3)NRB(P1\X1i3) (B.4)
X°(x:Xp) = Ky(X:XoX3%,)VO(X5K,)

to obtain the explicit form of the triplet:
N~111(P1P2P31X1X2X3) =0 (B.52)
N 110(p, py|x1XoX5) = PS(X1x2X3)N 4(p1p2lxix2) (B.5b)

. X1 XoX N -
NIOO(P1|X1X2X3) = {P_;-(J)i:f{z—;z Ks(xlxzxa)NRB(Pllxlxai)

+ [c.p.(123)]}

NBR(pl!X1i5)

+ pa(X: XXX ) K5(X:X,X5) (X, %)

(B.5¢)

~ XXX - = \ YO/ = =
N%(x,XoX5) = {%él_;‘;)a—) Ko (%, X:%3%, )N O(X,X5)

+ [c.p.(123)]}
+ {P4(X1X2X3i4)
pa(X1X4)
+ [c.p.(123)]}
1 [Ps(xlx2x3i4i5)
2 p2(X4Xs)
x N¢(Xe%q) (B.5d)
Here, the notation [c.p.(123)] indicates the sum over cyclic permutations of
the indices 1, 2, and 3.

On the other hand, the linearized KSA (on both time-dependent and
equilibrium triplet) gives the following structure:

N1(p;pops|X;X,Xs) = 0 (B.62)

K4(X1i4i5326)ﬁ °(%sX6)

- Ps(xlxzxs)]K4(i4isieiv)

pa(X1XoX3)

p2(X1X2) N4(p.pa|x:%2) (B.6b)

NllO(P1P2|X1X2X3) =

N10o(p, |x,X,X =£3—(£1—x—2—x‘°’——2ﬁ’3 X,X
(Pll 1X9X3) pa(X,X3) h) (Pll 1X3)

pa(X1XaXs) & pa(X1X0X3) _
+ Ei27s) i oB(p, X, xg) — EESLTERS A OB, X, %
paX:Xz) " . [x1%:) polN — 1) ' F (P:]x:%4)

(B.6¢c)
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NO%(x,X5X5) = {M Nx,xy) + [c.p.(123)]}

pa(X1Xs)
pa(XaXeXs) Soro =
- {,E;(Tv——_ﬂ NxiXy) + [C.p.(123)]} (B.6d)

The two truncations agree in the first (111) sector by virtue of their both
being linear truncations. The agreement in the (110) sector is, however,
nontrivial. The only difference between the truncations in this sector is that
in (B.6b) we must take the KSA form for ps(x;x,X3), whereas in (B.5b) we
use the exact pa(X;X;X3).

There is in addition an interesting similarity between the two truncations
in the (100) sector, though it is not as immediately apparent as in the previous
two cases. To make the comparison, we need to approximate the p; and p,
appearing in the (B.5c). Choosing the KSA for p; and the generalized KSA
of (51) for p,, and making use of the integral equation (27) for K, as well
as property (30), we find that most of the terms involving K, explicitly can
be eliminated. In particular, (B.5¢c) becomes

7100 . pa(X1XoXs) & B
N'O%(p,|x,X,x3) = _————Pz(xﬂz) NEP(p1]x1%,)

p3(X1XoX3) NRB(Xlis)

X1X0X3) o~
+ P—a(‘l—z_i) NeB(p[%1%3) —

p2(X1Xz) Po N -1
+ ________pa(X;X;ng) Co(Xo — Ry)ea(Xs — Xy)
0
X Ks(xli4i5)ﬁnB(PllX1§5) (B.7)

where c,(x; — X5) = [pg Zpa(x1X,) — 11 is the pair correlation function. The
first three terms on the right of (B.7) are the KSA result. The last term can
be expected to be small for most systems.

We can investigate more precisely how small this term is by assigning
an order of magnitude A to c,(r) for all ¥ outside a small volume v. In addition,
we decompose

ﬁRB(Pllxlxs) = POfB(pllxl) + FRB(P1IX1X5) (B.8)

and we suppose that P5 has the same order of magnitude A for all [x; ~— x;]
outside the volume ». The last term of (B.7) then has two parts: a singlet
part and a doublet part. The pair part can clearly be expected to be of order »
plus order A3, The singlet part is

pa(X1XoX3)Co(Xy — Ky)Co(Xs — 7_(4)K3(X1i4i5)f~ B(p. [x1)

This involves only the part of the inversion specified by (k|K;|0>. We refer,
then, to (35) and (42) and observe that K;(x;x,Xs) should have the same



138 Kenneth D. Bergeron, Eugene P. Gross, and Rodney L. Varley

general spatial structure as c,(x, — X;). Hence the singlet contribution can
also be expected to be of order v plus order A%. To summarize, in the context
of the generalized superposition approximation on the equilibrium distribu-
tion the expressions (B.5¢) and (B.6c) agree to third order in the pair correla-
tion function.

Finally, when we turn to the lowest sector (000), we are unable to
demonstrate such a clear relationship between the two truncations. It should
be noted that the failure of the KSA to match the correct initial conditions
for the density autocorrelation function problem also occurs in this sector.
It is the nonlocal character of the two-body additive truncation which gives
the correct initial conditions, and the KSA cannot reproduce this nonlocal
behavior.
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